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Abstract
We analyse a class of quantum field theory models illustrating some of
the possibilities that have emerged in the general study of the short distance
properties of superselection sectors, performed in a previous paper (together
with R. Verch). In particular, we show that for each pair (G,N), with G a
compact Lie group and N a closed normal subgroup, there is a net of observ-
able algebras which has (a subset of) DHR sectors in 1-1 correspondence with
classes of irreducible representations of G, and such that only the sectors cor-
responding to representations of G/N are preserved in the scaling limit. In
the way of achieving this result, we derive sufficient conditions under which
the scaling limit of a tensor product theory coincides with the product of the
scaling limit theories.
1 Introduction
The scaling algebra concept has been introduced in [1], in an attempt to make avail-
able, in the framework of the algebraic approach to quantum field theory [2], the
methods of the renormalization group, which have proved very useful in analysing
the short distance behaviour of quantum field theory in the conventional approach.
The elements of the scaling algebra are functions of a scaling parameter λ > 0
taking values in the algebra of local observables of the theory under consideration,
any of such function representing the orbit λ → Rλ(A) of an arbitrary observ-
able A under a family (Rλ)λ>0 of renormalization group transformations, whose
choice is only restricted by the requirement that such orbits have a “phase space
occupation” which is independent of the scale λ, i.e. that the operators Rλ(A) are
localized in regions of radius proportional to λ and have energy-momentum transfer
proportional to λ−1. The information about the short distance (or, equivalently,
high energy) properties of the given theory (to which we will refer, from now on,
as the underlying theory), is then obtained by studying the vacuum expectation
values of such functions in the λ → 0 limit, and is encoded in a new net of local
observables, called the scaling limit of the underlying net.
1supported by MIUR, INdAM-GNAMPA, and the Network “Quantum Spaces - Noncommu-
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One of the major achievements of these methods has been the formulation of
an intrinsic notion of charge confinement [3], not suffering from the ambiguities
of the conventional one, which relies on the assignment of a physical interpreta-
tion to the unobservable fields in terms of which the theory is described (whose
choice is of course highly non-unique). According to this new confinement notion,
the underlying theory describes confined charges if the corresponding scaling limit
theory has superselection sectors1 which are not, at the same time, sectors of the
underlying theory itself. An example of such situation is provided by the Schwinger
model (massless QED in two spacetime dimensions), which has trivial superselec-
tion structure at finite scales, but whose scaling limit theory exhibits nontrivial
sectors [3, 5].
In order for this concept to be applied to a general theory, one needs a canonical
way of comparing the superselection structures of the underlying theory and of the
scaling limit one. With this aim in mind, a general study of the short distance
properties of charged fields and of superselection sectors – of both DHR and BF
types – has been performed in [6] (see also [7]), where the scaling algebra and scaling
limit concepts are extended to the nets of charge carrying fields localized in double
cones or in spacelike cones (depending on the kind of sector with which these fields
are associated), and are then used to formulate a notion of “charge preservation”
in the scaling limit. In such a way, the confined sectors of the underlying theory
are identified with those sectors of the scaling limit theory which do not arise as
limits of preserved sectors of the underlying theory [7]. For the convenience of the
reader, we will give an account of some of the main results of this work in section 2
below.
In the present paper, we study a class of quantum field theory models which
exhibit both preserved and non-preserved DHR sectors, therefore providing an illus-
tration of the general analysis of [6]. More precisely, for each pair (G,N) consisting
of a compact Lie group G and of a normal closed subgroup N ⊂ G, we construct
a local net A , satisfying the standard assumptions, which has (a subset of) DHR
sectors labelled by the equivalence classes of unitary irreducible representations
of G, and such that precisely the sectors corresponding to representations which
are trivial on N (i.e. representations which factorize through G/N) are preserved
according to [6], cfr. theorem 4.6. Similarly to [8], the net A is obtained as the
fixed point net A = FG of a suitable field net F which carries an action of G, and
in turn F is defined as a tensor product F = F1 ⊗F2, where F1 is a net with
trivial scaling limit constructed using results in [9] and generated by fields which
carry the charges corresponding to representations of G which are nontrivial on N ,
while F2 is a free field net which has G/N as gauge group. The above mentioned
result amounts then to showing that: (i) thanks to the fact that F1 has trivial
scaling limit, the scaling limit of F coincides with the scaling limit F2,0 of F2,
and that (ii) the scaling limit net F2,0 again has G/N as its gauge group, and the
corresponding sectors all comply with the preservation condition formulated in [6].
In order to establish point (i), we will derive, in section 3, sufficient conditions
under which the operations of scaling limit and of forming the tensor product of
two theories can be interchanged. Not surprisingly, the main assumption which
1We refer the reader to [2, 4] for a comprehensive account of the theory of superselections
sectors.
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we employ is that of “asymptotic nuclearity”, definition 3.1, which was formulated
in [10], and which plays here a role in allowing to approximate functions in the
scaling algebra of the tensor product theory by finite sums of “simple tensors” of
the form λ→ F 1λ⊗F 2λ, with the F i in the scaling algebras of the factor theories.
The proof of point (ii) above is then obtained in section 4 by combining this result
about the scaling limit of product theories, with the computation of the scaling
limit of the free scalar field in [5]. Together with a result in [6], this also implies
that the equivalence of local and global intertwiners holds for any theory generated
by a finite number of multiplets of free scalar fields of arbitrary masses transforming
under irreducible representations of a compact gauge group, corollary 4.5.
2 Scaling algebras for charged fields and preser-
vation of DHR sectors
For the paper to be reasonably self-contained, and in order to establish our no-
tations, we give in the present section an exposition of the main results of [6]
concerning the short distance analysis of DHR superselection sectors. We refer the
interested reader to the original paper for more details and discussions of definitions
and results.
By a quantum field theory with gauge action (QFTGA in the following) we
mean a quintuple (F , U, V,Ω, k), such that:
(i) O → F (O) is a net of von Neumann algebras on open double cones in
Minkowski d-dimensional spacetime (d = 3, 4) acting irreducibily on a Hilbert
space H with scalar product 〈·, ·〉;
(ii) U is a unitary strongly continuous representation on H of the translations
group Rd, satisfying the spectrum condition, i.e. the spectrum of U is contained in
the closed forward light cone, and with respect to which the net F is covariant
U(x)F (O)U(x)∗ = F (O + x), x ∈ Rd;
we set αx := AdU(x);
(iii) V is a unitary strongly continuous representation on H of a compact gauge
group G, which acts locally on F
V (g)F (O)V (g)∗ = F (O), g ∈ G,
and which commutes with U ; we set βg := AdV (g), and the subnet of G-fixed
points
A (O) := F (O)G := {F ∈ F (O) : βg(F ) = F ∀g ∈ G}
is the net of observables determined by (F , U, V,Ω, k);
(iv) Ω ∈ H is the vacuum vector, i.e. is the unique translation invariant unit
vector in H and it is cyclic for the quasi-local algebra F :=
⋃
O F (O) (closure
in the uniform topology on B(H )); Ω is also gauge invariant, and we denote by
ω := 〈Ω, (·)Ω〉 the vacuum state;
(v) k ∈ Z(G), k2 = e, is the element defining the Z2 grading according to
which elements in the quasi-local algebra F satisfy normal commutation relations,
i.e. with
F± :=
1
2
(F ± βk(F )), F ∈ F,
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and with Fi ∈ F (Oi), i = 1, 2, O1 and O2 spacelike separated, one has
F1,+F2,+ = F2,+F1,+, F1,+F2,− = F2,−F1,+, F1,−F2,− = −F2,−F1,−.
When there is no risk of confusion, we will indicate the QFTGA (F , U, V,Ω, k)
simply by F .
For simplicity we assumed here that we are dealing only with translations co-
variant nets, but most of the results in the present and following sections also hold
for Poincare´ covariant nets, i.e. QFTGAs (F , U, V,Ω, k) for which U is actually
a unitary representation of the universal covering P˜↑+ of the proper orthocronous
Poincare´ group, such that U(Λ, x)F (O)U(Λ, x)∗ = F (ΛO + x). The notation
α(Λ,x) := AdU(Λ, x) will be used in this case also.
The scaling algebra associated to F is defined in the following way. On the
C∗-algebra B(R+,F) of all norm bounded functions λ ∈ R+ → Fλ ∈ F, with the
natural C∗-norm ‖F‖ = supλ>0 ‖Fλ‖, we define automorphic actions α of Rd and
β of G by
αx(F )λ := αλx(F λ), βg(F )λ := βg(Fλ), x ∈ R4, g ∈ G, λ > 0.
The local scaling algebra of the double cone O is then the C∗-algebra F(O) of all
the functions F ∈ B(R+,F) such that Fλ ∈ F (λO) for each λ > 0, and
lim
x→0
‖αx(F )− F‖ = 0, limg→e ‖βg(F )− F‖ = 0. (2.1)
We will denote by F both the net O → F(O) and the associated quasi-local C∗-
algebra.
Let ϕ be a locally normal state of F , and define a net of states (ϕ
λ
)λ>0 on F by
ϕ
λ
(F ) := ϕ(Fλ). We denote by SL
F (ϕ) the set of weak∗ limit points of (ϕ
λ
)λ>0
for λ→ 0. From an argument due to Roberts [11], it follows that for any pair ϕ1,
ϕ2 of locally normal states on F , there holds
lim
λ→0
∥∥(ϕ1 − ϕ2) ↾ F (λO)∥∥ = 0, (2.2)
and then SLF (ϕ) is actually independent of ϕ, and is called the set of scaling limit
states of F. It easily follows that any ω0 ∈ SLF is α- and β-invariant and then, if
(pi0,H0,Ω0) is the corresponding GNS representation, by defining the net of von
Neumann algebras
F0(O) := pi0(F(O))
′′,
and the representations U0 of R
d and V0 of G0 := G/N0 (where N0 := {g ∈ G :
pi0(βg(F )− F )Ω0 = 0, ∀F ∈ F}) by
U0(x)pi0(F )Ω0 := pi0(αx(F ))Ω0, V0(gN0)pi0(F )Ω0 := pi0(βg(F ))Ω0,
one gets that (F0, U0, V0,Ω0, kN0) is a QFTGA such that A0(O) := pi0(A(O))
′′ =
F0(O)
G0 , A being the scaling algebra for the observable net A defined in [1].
Remark. We note, for future reference, that if the net F is Poincare´ covariant,
then also the nets F and F0 can be made Poincare´ covariant by extending α and
U0 to P˜
↑
+ by
α(Λ,x)(F )λ := α(Λ,λx)(Fλ), U0(Λ, x)pi0(F )Ω0 := pi0(α(Λ,x)(F ))Ω0,
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but, in general, the function Λ → U0(Λ, x) will not be strongly continuous, since,
at variance with what is done in [6], we are not requiring here that condition (2.1)
is satisfied for the extended α.
If we now assume that F is the covariant field net arising from a net of local
observables A through the Doplicher-Roberts reconstruction theorem [12], we can
define the notion of preservation of DHR sectors in the scaling limit. We first
recall that to any (finite statistics, covariant) sector ξ of A we can associate, for
any double cone O, a multiplet of class ξ of field operators, i.e. elements ψj ∈ F (O),
j = 1, . . . , d, with d the statistical dimension of ξ, such that
ψ∗i ψj = δij1,
d∑
j=1
ψjψ
∗
j = 1, βg(ψi) =
d∑
j=1
ψjvξ(g)ji,
where vξ is a unitary irreducible representation of G in the class associated to the
sector ξ.
We will then say that a finite statistics, covariant sector ξ of A is preserved in
the scaling limit state ω0 if for each double cone O1 and each λ > 0 it is possible to
find a multiplet of class ξ, ψj(λ) ∈ F (λO1), j = 1, . . . , d, such that for each ε > 0,
each double cone O containing the closure of O1 and each j = 1, . . . , d, there exist
scaling algebra elements F , F ′ ∈ F(O) for which
lim sup
κ
(‖[ψj(λκ)− Fλκ ]Ω‖+ ‖[ψj(λκ)− F ′λκ ]∗Ω‖) < ε, (2.3)
where (λκ)κ∈K ⊂ R+ is a net such that ω0 = limκ ωλκ .
As discussed at length in [6], the restriction that the above condition imposes on
the sector ξ is essentially that the states ψj(λ)Ω, which represent a charge ξ roughly
localized in the region λO, should have energy-momentum scaling not faster than
λ−1, and this corresponds to the physical picture that a preserved charge should be
“pointlike”, and therefore its phase space occupation should only be restricted by
Heisenberg principle, as opposed to a charge with some “internal structure” which
requires a surplus of energy in order to be localized in small regions.
In order to state the consequences of such notion of charge preservation, we
introduce here a notation which will also be useful in the following. For a bounded
function λ ∈ R+ → Fλ ∈ F (λO) and functions h ∈ L1(Rd), ψ ∈ L1(G), we set
(αhF )λ :=
∫
Rd
dxh(x)αλx(Fλ), (βψF )λ :=
∫
G
dg ψ(g)βg(Fλ), (2.4)
where dg is the normalized Haar measure on G and the integrals are understood
in weak sense. It is easy to verify that Gλ := (βψF )λ is such that
lim
g→e
sup
λ>0
‖βg(Gλ)−Gλ‖ = 0, (2.5)
and for any function λ → Gλ satisfying this condition αhG ∈ F, and αhG ∈ F(Oˆ)
if Oˆ ⊃ O + supph.
If the sector ξ is preserved in the state ω0 and ψj(λ) is a multiplet satisfy-
ing (2.3), we obtain that for each δ-sequence (hn)n∈N the limit
ψj := s*-limn→+∞
pi0(αhnψj),
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exists in the strong∗ operator topology, is independent of the chosen δ-sequence,
and defines a multiplet of class ξ in F0(O) (in the sense that the representation vξ
is trivial on N0, and ψj is a multiplet of the corresponding representation of G0),
and furthermore, by defining
ρ(A) :=
d∑
j=1
ψjAψ
∗
j , A ∈ A0,
with A0 the quasi-local algebra of the net A0, one gets a DHR endomorphism of
A0, whose sector is therefore identified with the scaling limit of the sector ξ.
The last result that we cite from [6] is the following generalization of a theorem
proven by Roberts [11] for dilatation invariant theories: if all the sectors of the
underlying theory are preserved in some scaling limit state, and if the local field
algebras are factors, F (O) ∩ F (O)′ = C1, then local intertwiners between DHR
endomorphisms of A are also global intertwiners, i.e. if ρ, σ are covariant, finite
statistics DHR endomorphisms of A and T ∈ A is such that Tρ(A) = σ(A)T holds
for each A ∈ A (O), then it also holds for each A ∈ A.
3 Scaling limit of tensor product theories
As mentioned in the introduction, nuclearity assumptions will play a fundamental
role in the discussion of the scaling limit of tensor product theories. For the notion
of a p-nuclear map between Banach spaces, see definition A.1 in appendix A.
Let (F , U, V,Ω, k) be a QFTGA. For a non-negative function ψ ∈ C(G) with∫
G ψ = 1 we introduce the notation
Vˆ (ψ) :=
∫
G
dg ψ(g)V (g),
where the integral is defined in the strong sense. Of course ‖Vˆ (ψ)‖ = 1. For a
double cone O and a function f ∈ Cb(Rd), consider the map Θf,ψ,O : F (O)→ H
defined by
Θf,ψ,O(F ) := f(P )Vˆ (ψ)FΩ, F ∈ F (O), (3.1)
where P is the d-momentum operator of our theory, i.e. the generator of the transla-
tions group. An important particular case of such maps is the map Θβ,O obtained
when ψ approaches a δ-function at e ∈ G and f is such that f(p) = e−βp0 for
p ∈ V +, for some β > 0, i.e.
Θβ,O(F ) := e
−βHFΩ, F ∈ F (O), (3.2)
with H = P0 the generator of time translations.
Definition 3.1. The QFTGA (F , U, V,Ω, k) is said to be asymptotically (uni-
formly) p-nuclear if all the maps Θβ,O are p-nuclear and
lim sup
λ→0
‖Θλβ,λO‖p < +∞. (3.3)
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From the estimates in [13, prop. 3.1], it follows that the theory of n free scalar
fields of masses mi ≥ 0, i = 1, . . . , n, is asymptotically p-nuclear for any p ∈ (0, 1].
The notion of asymptotic nuclearity was first introduced in [10], were the rela-
tions between the phase space properties of the underlying theory and the structure
of its scaling limits were analysed. Essentially all the results to be found there can
be generalized to the present setting (the generalization consisting in the fact that
we here allow for a nontrivial gauge group G acting on the net, as well as for normal
commutation relations).
In particular, we will need the following results, whose proofs are obtained by a
straightforward modification of the ones of theorems 4.5 and 4.6 in [10], combined
with the remark [13, lemma 3.1] that the nuclearity properties of the map Θ
(0)
β,O,
defined as the analogue of the map Θβ,O for a given scaling limit theory F0, are
the same as the ones of the map F ∈ pi0(F(O)) → e−βH0FΩ0 which is considered
in [10] (we recall that F0(O) = pi0(F(O))
−).
Proposition 3.2. Assume that the theory F is asymptotically p-nuclear for 0 <
p < 1/3. Then:
(i) for each scaling limit theory F0 the corresponding maps Θ
(0)
β,O are q-nuclear for
any q > 2p/(2−3p), and there exists a c > 0, depending only on p, q, such that
‖Θ(0)β,O‖q ≤ c lim sup
λ→0
‖Θλβ,λO‖p;
(ii) if there exists a constant c such that
lim sup
λ→0
‖Θλβ,λO‖p ≤ c,
uniformly for all double cones O, then F has a classical scaling limit.
We now state and prove some technical results that we will use later in the
discussion of the scaling limit of a tensor product theory.
We first introduce some notation. For f ∈ S (Rd) we adopt the following
conventions for its Fourier transform and anti-transform:
fˆ(p) :=
∫
Rd
dx f(x)eipx, fˇ(x) :=
∫
Rd
dp
(2pi)d
f(p)e−ipx,
where of course px = pµx
µ is the Minkowski scalar product of p, x ∈ Rd. Also, for
a function f on Rd, and λ > 0, we set fλ(p) = f(λp), p ∈ Rd.
Lemma 3.3. Let the theory F be asymptotically p-nuclear for 0 < p < 1/3, let
ω0 be a scaling limit state and f ∈ S (Rd) be such that supp∈V + |f(p)eβp0 | < ∞
for some β > 0. Then if 2p/(1− p) < q ≤ 1, for each double cone Oˆ and for each
ε > 0 there are elements F 1, . . . , FN ∈ F(Oˆ) such that, if we let
PN :=
N∑
n=1
〈
Θ
(0)
f,ψ,Oˆ
(pi0(F n)), ·
〉
Θ
(0)
f,ψ,Oˆ
(pi0(Fn)), (3.4)
then
‖(1− PN )Θ(0)f,ψ,Oˆ‖q < ε. (3.5)
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Proof. From the conditions on p, q in the statement, it follows that we can take a
number r such that 2p/(2−3p) < r < 2q/(4−q), which implies that q > 4r/(r+2)
and r < 2/3. This implies, according to the previous proposition, that Θ
(0)
β,Oˆ
is
r-nuclear, and then, since it follows from the conditions on the function f that
f(P )eβH is a bounded operator on H0, Θ
(0)
f,ψ,Oˆ
= f(P )eβH Vˆ0(ψ)Θ
(0)
β,Oˆ
is r-nuclear
too. Then, according to lemma A.5 in appendix A, there exist an orthonormal
system (Φn)n∈N ⊂ ranΘ(0)f,ψ,Oˆ and a family (ϕn)n∈N ⊂ F0(Oˆ)∗ such that
Θ
(0)
f,ψ,Oˆ
(F ) =
+∞∑
n=1
ϕn(F )Φn,
+∞∑
n=1
‖ϕn‖q < +∞.
It is therefore possible to find an integer N such that if QN is the orthogonal
projection on the subspace spanned by Φ1, . . . ,ΦN ,
‖(1−QN)Θ(0)f,ψ,Oˆ‖q ≤
( +∞∑
n=N+1
‖ϕn‖q
)1/q
<
ε
2
. (3.6)
Furthermore, since, as it is easily checked, ranΘ
(0)
f,ψ,Oˆ
= Θ
(0)
f,ψ,Oˆ
(pi0(F(Oˆ))), we can
find elements Fn ∈ F(Oˆ), n = 1, . . . , N , such that
‖Φn −Θ(0)f,ψ,Oˆ(pi0(Fn))‖ < min
{
1,
ε
3 · 2n+1‖Θ(0)
f,ψ,Oˆ
‖q
}
,
so that ‖Θ(0)
f,ψ,Oˆ
(pi0(Fn))‖ ≤ 2. Then, if PN is given by equation (3.4), we get, for
each Φ ∈ H0,
‖(QN − PN )Φ‖ ≤
N∑
n=1
∥∥〈Φn,Φ〉Φn − 〈Θ(0)f,ψ,Oˆ(pi0(Fn)),Φ〉Θ(0)f,ψ,Oˆ(pi0(Fn))∥∥
≤ 3
N∑
n=1
‖Φn −Θ(0)f,ψ,Oˆ(pi0(Fn))‖‖Φ‖ <
ε
2‖Θ(0)
f,ψ,Oˆ
‖q
‖Φ‖,
i.e. ‖QN − PN‖ ≤ ε/2‖Θ(0)f,ψ,Oˆ‖q, which, together with inequality (3.6), gives the
statement.
In order not to burden the formulas too much, in the following lemma and in
the proof of lemma 3.6, we will make the following slight abuse of notation: given
an element Fn ∈ F we will denote its value at scale λ as Fnλ (instead of (Fn)λ),
which should not be confused with the value of an element F at scale nλ.
Lemma 3.4. Assume that the theory F is asymptotically p-nuclear for p ∈ (0, 1/6),
and let f ∈ S (Rd) be as in the previous lemma, and ω0 = limκ∈K ωλκ be a scaling
limit state of F . Then if 2p/(1− 4p) < q ≤ 1, for each pair of double cones O, Oˆ
with O ⊂ Oˆ and for each ε > 0 there exist F 1, . . . , FN ∈ F(Oˆ) such that, if we set
P
(λ)
N :=
N∑
n=1
〈
Θfλ,ψ,λOˆ(Fnλ), ·
〉
Θfλ,ψ,λOˆ(Fnλ), (3.7)
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we have
lim sup
κ∈K
∥∥Θfλκ ,ψ,λκO − P (λκ)N Θfλκ ,ψ,λκO∥∥q ≤ ε, (3.8)
where for each κ ∈ K the q-norm appearing in the last equation is the q-norm of
nuclear maps in B(F (λκO),H ).
Proof. We use a variation of the arguments in [10, thm. 4.5]. We observe prelim-
inarly that given bounded functions λ → Fλ ∈ F (λO1), λ → Gλ ∈ F (λO2) we
have
lim
κ
〈
Θfλκ ,ψ,λκO1(Fλκ ),Θfλκ ,ψ,λκO2(Gλκ)
〉
= lim
κ
〈
(αfˇβψF )λκΩ, (αfˇβψG)λκΩ
〉
=
〈
pi0(αfˇβψF )Ω0, pi0(αfˇβψG)Ω0
〉
. (3.9)
For simplicity, for any given family Fn ∈ F(Oˆ), n = 1, . . . , N , and for the
corresponding P
(λ)
N defined as in (3.7), we set T
(λ)
N := Θfλ,ψ,λO − P (λ)N Θfλ,ψ,λO.
Furthermore, we denote by Nκ(ε) the ε-content of the map T
(λκ)
N , and by N0(ε)
that of the map (1 − PN )Θ(0)f,ψ,Oˆ, where PN is defined as in the previous lemma,
equation (3.4).
We begin by showing that the following inequality holds for each ε > 0:
lim sup
κ
Nκ(ε) ≤ N0(ε/2). (3.10)
If this is not true, there exists an ε > 0 such that, if we set M := N0(ε/2), for
each ν ∈ K we can find a κ(ν) ∈ K, κ(ν) ≥ ν, and elements G(n)ν ∈ F (λκ(ν)O),
‖G(n)ν ‖ ≤ 1, n = 1, . . . ,M + 1, such that
‖T (λκ(ν))N (G(n)ν −G(m)ν )‖ > ε
if n 6= m. Define then, for each λ > 0, and n = 1, . . . ,M + 1,
G
(n)
λ :=
{
G
(n)
ν if λ = λκ(ν) for some ν ∈ K,
0 otherwise.
It is straightforward to check that the set K˜ := {κ(ν) : ν ∈ K} ⊂ K is, with
the induced partial ordering, a subnet of K, and therefore it is easy to verify,
using (3.9), that
∥∥(1− PN )pi0(αfˇβψG(n) − αfˇβψG(m))Ω0∥∥
= lim
κ∈K
‖T (λκ)N (G(n)λκ −G
(m)
λκ
)‖ = lim
κ∈K˜
‖T (λκ)N (G(n)λκ −G
(m)
λκ
)‖ ≥ ε. (3.11)
Pick now non-negative functions h ∈ Cc(Rd), χ ∈ C(G) with
∫
Rd
h = 1 =
∫
G χ and
O + supph ⊂ Oˆ, and define H(n) := αhβχG(n) ∈ F(Oˆ). Taking into account that
convolution on Rd is commutative and G is unimodular, we see that we can take
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supph and suppχ so small that∥∥Θ(0)
f,ψ,Oˆ
(
pi0(H
(n))
)− pi0(αfˇβψG(n))Ω0∥∥ ≤ ‖αhαfˇβψ∗χG(n) − αfˇβψG(n)‖
≤ ‖fˇ‖1 sup
g∈suppχ
‖βψ
g−1
G(n) − βψG(n)‖+ sup
x∈supph
‖αfˇxβψG(n) − αfˇβψG(n)‖
<
ε
4‖1− PN‖ ,
where we used the standard notation fˇx(y) := fˇ(y − x), ψg−1(h) := ψ(hg−1).
Therefore, together with equation (3.11), we get∥∥(1− PN )Θ(0)f,ψ,Oˆ(pi0(H(n)))− (1− PN )Θ(0)f,ψ,Oˆ(pi0(H(m)))∥∥ > ε/2,
which means that N0(ε/2) ≥ M + 1 = N0(ε/2) + 1, and this contradiction proves
(3.10).
Now, according to lemma A.3.(ii) in appendix A, there holds
lim sup
κ
‖T (λκ)N ‖q ≤ lim sup
κ
dq
( +∞∑
m=1
(m
1
2 εmNκ(εm)
1
m )q
) 1
q
, (3.12)
provided we can find a sequence of positive numbers (εm)m∈N such that the series on
the right hand side of this equation are convergent. We pick then numbers r, s with
2p/(1− p) < r < 2q/(3q+ 2) and r/(1− r) < s < 2q/(q + 2) (that this is possible,
follows from the conditions imposed on p, q) and set εm := ‖(1−PN)Θ(0)f,ψ,Oˆ‖rm−
1
s .
It then follows from lemma A.3.(i) that
εmNκ(εm)
1
m ≤ ‖(1− PN )Θ(0)f,ψ,Oˆ‖r exp
(
c‖T (λκ)N ‖sr
‖(1− PN )Θ(0)f,ψ,Oˆ‖sr
)
m−
1
s ,
and since, if M := supp∈V + |f(p)eβp0 |, it is easily checked that
‖T (λκ)N ‖r ≤M
(
1 +M2
N∑
n=1
‖Fn‖2
)
‖Θλκβ,λκO‖r,
we have, from the assumption of asymptotic p-nuclearity of the theory, and from
the fact that r > p for p ∈ (0, 1/6), that there exists a constant C > 0 and some
ν ∈ K, independent of m, such that for all κ > ν there holds
εmNκ(εm)
1
m ≤ Cm− 1s .
It follows from the conditions imposed on q, s that the series
∑+∞
m=1m
q
2−
q
s is
convergent, and we can then interchange the sum and the limit superior on the
right hand side of (3.12) obtaining a larger upper bound on the left hand side, so
that, using inequality (3.10) and lemma A.3.(i) once more, we conclude that there
exists a constant Kq,s > 0 such that
lim sup
κ
‖T (λκ)N ‖q ≤ Kq,s‖(1− PN )Θ(0)f,ψ,Oˆ‖r,
and the statement is finally obtained by appealing to the previous lemma.
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We now pass to consider the situation in which we have two different QFTGAs
(F (i), U (i), V (i),Ω(i), ki), i = 1, 2. For simplicity we will assume, in all what follows,
that the F (i) are purely bosonic, i.e. ki = ei (identity of the group Gi). It is
straightforward, if cumbersome, to generalize the following results to the case of
two genuinely Z2-graded nets (see the remarks after theorem 3.7), but, as in the
rest of the paper we will need only the present special case, we refrain from giving
details. Of course by defining
F (O) := F (1)(O)⊗¯F (2)(O), (3.13)
U(x) := U (1)(x)⊗ U (2)(x), x ∈ Rd, (3.14)
V (g1, g2) := V
(1)(g1)⊗ V (2)(g2), (g1, g2) ∈ G1 ×G2, (3.15)
Ω := Ω(1) ⊗ Ω(2), (3.16)
we get a new QFTGA (F , U, V,Ω, (e1, e2)) on the Hilbert spaceH := H
(1)⊗H (2),
which will be called the tensor product theory of F (1) and F (2), and denoted, for
brevity, with F (1)⊗¯F (2). Our purpose is to study the relationship between the
scaling limit theory of F and the tensor product of the scaling limit theories of
F (i), i = 1, 2.
We recall that two QFTGAs (F , U, V,Ω, k) and (F˜ , U˜ , V˜ , Ω˜, k) with the same
gauge group are net-isomorphic if there is an isomorphism of the quasi-local al-
gebras θ : F → F˜ such that θ(F (O)) = F˜ (O), α˜xθ = θαx, β˜gθ = θβg and
ω˜θ = ω, with obvious meaning of the symbols. It is then plain that the sets
of scaling limit states of two net-isomorphic theories are in bijective correspon-
dence, and that the scaling limit theories arising from two corresponding scal-
ing limit states are net-isomorphic. Therefore net-isomorphic theories can be
identified when discussing properties of their scaling limit theories. In particu-
lar, in the following we will always identify without further comment the nets
O → F (1)(O) and O → F (1)(O)⊗¯C1 ⊂ F (O), and the nets O → F (2)(O) and
O → C1⊗¯F (2)(O) ⊂ F (O) (with the obvious definitions of translations and gauge
transformations).
We will then denote by F(i) the scaling algebra associated to F (i), i = 1, 2. For
F (i) ∈ F(i)(O), i = 1, 2, we define, by a slight abuse of notation, (F (1) ⊗ F (2))λ :=
F
(1)
λ ⊗ F (2)λ ∈ F (λO), and it is clear that F (1) ⊗ F (2) ∈ F(O). We will denote
by F˜(O) the C∗-subalgebra of F(O) generated by such elements, and by F˜ the
corresponding quasi-local C∗-algebra. We also define 1λ := 1 for all λ > 0.
Proposition 3.5. The sets of scaling limit states of the three theories F , F (1),
F (2) are in bijective correspondence, in such a way that ω0 ∈ SLF (ω) corresponds
to the states F ∈ F(1) → ω0(F ⊗ 1) in SLF
(1)
(ω(1)) and F ∈ F(2) → ω0(1⊗ F ) in
SLF
(2)
(ω(2)).
Proof. It is well known that there exist conditional expectations E(i) : F → F(i)
such that E(i)(F (O)) = F (i)(O), defined by the fact that, say, E(2)(F ), F ∈
F (O), is the unique element of F (2)(O) such that φ(E(2)(F )) = ω(1) ⊗ φ(F ) for
each φ ∈ F (2)(O)∗, so that E(2)(F1 ⊗F2) = ω(1)(F1)F2 (see for instance the proof
of thm. 2.6.4 in [14]). It is then straightforward to check that α
(i)
x E(i) = E(i)αx,
β
(i)
gi E
(i) = E(i)β(g1,g2) and ω
(i)E(i) = ω. It can then be shown [15] that given a
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conditional expectation between two nets with the above properties, the respective
sets of scaling limit states are in bijective correspondence, such correspondence
being given by the restriction of scaling limit states.
Remark. The above proposition implies, in particular, that the cardinality of the
set of scaling limit states is independent of the theory under consideration. Al-
though this may seem surprising at first sight, it must be kept in mind that this
doesn’t mean that the physical interpretation of these states is the same for all
theories: if, for instance, two states of a theory give rise to isomorphic scaling limit
nets, in general this will not happen for the corresponding states of another the-
ory. Therefore, upon identifying isomorphic scaling limit theories, we see that the
number of the physically distinguishable scaling limits will be different for different
theories.
In view of the above result, given a state ω0 ∈ SLF (ω), we will denote by
(F
(i)
0 , U
(i)
0 , V
(i)
0 ,Ω
(i)
0 ), i = 1, 2, the scaling limit (bosonic) QFTGAs arising from
the corresponding states in SLF
(i)
(ω(i)), without further specifications. We will
also denote by Θ
(i)
f,ψ,O the nuclear maps associated to the theory F
(i), i = 1, 2.
Lemma 3.6. Assume that both theories F (i), i = 1, 2, are asymptotically p-nuclear
for p ∈ (0, 1/6) and let ω0 be a scaling limit state of F . For each F ∈ F(O) and
each ε > 0, there exists a G ∈ F˜ such that
‖pi0(F )Ω0 − pi0(G)Ω0‖ < ε.
Proof. Without restriction to generality, we can assume ‖F‖ ≤ 1. To begin with,
we choose β > 0 and non-negative functions ψi ∈ C(Gi), i = 1, 2, which integrate
to one, such that, if ψ(g1, g2) := ψ1(g1)ψ2(g2),
‖(1− e−βH Vˆ0(ψ))pi0(F )Ω0‖ < ε
2
,
and we pick f ∈ S (Rd) such that f(p) = e−βp0 for p ∈ V + (it is straightforward
to explicitly construct such a function). Let also Mi := lim supλ→0 ‖Θ(i)λβ,λO‖q and
let δ > 0 be such that δ(M1 +M2 + δ) < ε/2, and, according to lemma 3.4, let
F (i)n ∈ F(i)(Oˆ), n = 1, . . . , N , i = 1, 2, be such that
lim sup
κ∈K
∥∥Θ(i)
fλκ ,ψi,λκO
− P (i,λκ)N Θ(i)fλκ ,ψi,λκO
∥∥
q
≤ δ,
for 1 ≥ q > 2p/(1− 4p), with obvious meaning of the symbols. If we define then
R
(λ)
N :=
N∑
n,m=1
〈
Θfλ,ψ,λOˆ
(
F
(1)
nλ ⊗ F (2)mλ
)
, ·〉Θfλ,ψ,λOˆ(F (1)nλ ⊗ F (2)mλ),
we have Θf,ψ,O(F
(1) ⊗ F (2)) = Θ(1)f,ψ1,O(F (1))⊗Θ
(2)
f,ψ2,O
(F (2)) and R
(λ)
N = P
(1,λ)
N ⊗
P
(2,λ)
N , and therefore, observing that, by the arguments in [13], the nuclear q-norm
of Θfλ,ψ,λO − R(λ)N Θfλ,ψ,λO agrees with that of its restriction to the the minimal
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tensor product F (1)(λO)⊗min F (2)(λO), we can apply lemma A.4 in appendix A,
obtaining∥∥Θfλ,ψ,λO −R(λ)N Θfλ,ψ,λO∥∥q
=
∥∥Θ(1)
fλ,ψ1,λO
⊗Θ(2)
fλ,ψ2,λO
− P (1,λ)N Θ(1)fλ,ψ1,λO ⊗ P
(2,λ)
N Θ
(2)
fλ,ψ2,λO
∥∥
q
≤
∥∥Θ(1)
fλ,ψ1,λO
− P (1,λ)N Θ(1)fλ,ψ1,λO
∥∥
q
∥∥Θ(2)λβ,λO∥∥q
+
∥∥P (1,λ)N Θ(1)fλ,ψ1,λO∥∥q∥∥Θ(2)fλ,ψ2,λO − P (2,λ)N Θ(2)fλ,ψ2,λO∥∥q,
and then
lim sup
κ
∥∥Θfλκ ,ψ,λκO −R(λκ)N Θfλκ ,ψ,λκO∥∥q ≤M2δ + (M1 + δ)δ < ε2 .
We define then the bounded functions
cnm(λ) :=
〈
Θfλ,ψ,λOˆ(F
(1)
nλ ⊗ F (2)mλ),Θfλ,ψ,λO(F λ)
〉
, n,m = 1, . . . , N,
and we set Hλ :=
∑N
n,m=1 cnm(λ)F
(1)
nλ ⊗ F (2)mλ, H ∈ F˜(Oˆ). Since F˜ is a C∗-algebra
on which translations α and gauge transformations β act norm continuously, we
have G := αfˇβψH ∈ F˜, and∥∥[pi0(F )− pi0(G)]Ω0∥∥
≤
∥∥(1− f(P )Vˆ0(ψ))pi0(F )Ω0∥∥+ ∥∥Θ(0)f,ψ,O(pi0(F ))−Θ(0)f,ψ,Oˆ(pi0(H))∥∥
≤ ε
2
+ lim
κ
∥∥∥Θfλκ ,ψ,λκO(F λκ)−
N∑
n,m=1
cnm(λκ)Θfλκ ,ψ,λκOˆ
(
F
(1)
nλκ
⊗ F (2)mλκ
)∥∥∥
=
ε
2
+ lim
κ
∥∥(Θfλκ ,ψ,λκO −R(λκ)N Θfλκ ,ψ,λκO)(F λκ)∥∥
≤ ε
2
+ lim sup
κ
∥∥Θfλκ ,ψ,λκO −R(λκ)N Θfλκ ,ψ,λκO∥∥q < ε,
where in the last inequality we have used the fact that the operator norm is ma-
jorized by any nuclear q-norm with 0 < q ≤ 1.
Theorem 3.7. Assume that the theories F (i), i = 1, 2, are asymptotically p-
nuclear for 0 < p < 1/6, and that, for a given scaling limit state ω0 of the tensor
product theory F , the scaling limit theories F
(i)
0 , i = 1, 2, satisfy Haag duality.
Then there is a unitary equivalence
F
(1)
0 (O)⊗¯F (2)0 (O) ∼= F0(O)
which implements a net-isomorphism between F
(1)
0 ⊗¯F (2)0 and F0.
Proof. In view of the last lemma, the vectors pi0(G)Ω0 with G ∈ F˜ span a dense
subspace of the scaling limit Hilbert space H0. Therefore the operator W : H0 →
H
(1)
0 ⊗H (2)0 defined by
Wpi0(F
(1) ⊗ F (2))Ω0 := pi(1)0 (F (1))Ω(1)0 ⊗ pi(2)0 (F (2))Ω(2)0 , F (i) ∈ F(i),
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is unitary, and it is obviously such that
Wpi0(F˜(O))
−W ∗ = F
(1)
0 (O)⊗¯F (2)0 (O).
Therefore, identifying unitarily equivalent nets, we get
F
(1)
0 (O)⊗¯F (2)0 (O) ⊆ F0(O),
but F
(1)
0 ⊗¯F (2)0 satisfies Haag duality, and F0 satisfies locality by the results of [6],
so that, since a net satisfying Haag duality is a maximal local net, the two nets
coincide. It is then straightforward to verify that AdW defines a net-isomorphism
from F0 to F
(1)⊗¯F (2).
Remarks. (i) According to [5, thm. 3.4] and to theorem 4.3 in the following
section, examples in which the nets F
(i)
0 satisfy Haag duality are obtained by
taking for F (i), i = 1, 2, nets generated by free fields. In this case, in fact, the
corresponding scaling limit theories are also free fields.
(ii) Another class of examples is obtained, as in the following section, by taking
for F (1), say, a net with a classical scaling limit F
(1)
0 = C1, and for F
(2) a net
with a scaling limit satisfying Haag duality (a free field, for instance). In such cases
we have F
(1)
0 (O)⊗¯F (2)0 (O) ∼= F (2)0 (O), so the scaling limit of the tensor product
theory coincides, by theorem 3.7, with the scaling limit of the second factor.
(iii) It is fairly straightforward to modify the proofs of the above results in
order to treat the case of Poincare´ covariant nets, with associated scaling algebras
defined by requiring the continuity condition (2.1) to hold also with respect to
Lorentz transformation (these scaling algebras are therefore smaller than those
considered above). In particular, under the assumption of asymptotic p-nuclearity,
the generalized version of lemma 3.6 will imply that H0 = H
(1)
0 ⊗ H (2)0 in this
case also. If we assume then geometric modular action for the theories F (i), this
will also hold for the scaling limit theories F
(i)
0 , F0 [6, prop. 3.1], and this will
imply, without further assumptions (in particular without assuming Haag duality
in the scaling limit), F0(W ) = F
(1)
0 (W )⊗¯F (2)0 (W ) for any wedge W , and, as a
consequence, equality of the dual theories of F0 and of F
(1)
0 ⊗¯F (2)0 .
(iv) Another possible generalization of the results discussed in this section is
obtained by dropping the hypothesis that the nets F (i) are purely bosonic. In
this case one defines the bosonic and fermionic parts of F (i)(O) as F (i)(O)± :=
{ 12 (F ± β
(i)
ki
(F )) : F ∈ F (i)(O)} and, in order to get a Z2-graded theory, the
definition of the tensor product theory given above must be altered by replacing
equation (3.13) with
F (O) := F (1)(O)⊗ˆF (2)(O) := F (1)(O)⊗¯F (2)(O)++V (1)(k1)F (1)(O)⊗¯F (2)(O)−.
The analysis proceeds then along the same lines as the above one, by studying
the λ → 0 behaviour of the nuclearity properties of the restrictions of the maps
Θfλ,ψ,λO to the bosonic and fermionic subnets, and at the end one obtains that if
the theories F (i) are asymptotically p-nuclear and their scaling limit theories F
(i)
0
satisfy twisted Haag duality, then F0 and F
(1)
0 ⊗ˆF (2)0 are net-isomorphic.
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We will need a version of theorem 3.7 which deals with outer regularized scaling
limit nets:
F0,r(O) :=
⋂
O1⊃O
pi0(F(O1))
′′.
Theorem 3.8. Assume that the purely bosonic theories F (i), i = 1, . . . , n, are
asymptotically p-nuclear for 0 < p < 1/6, and that the outer regularized scaling
limit theories F
(i)
0,r, i = 1, . . . , n, satisfy Haag duality. Then
F
(1)
0,r (O)⊗¯ . . . ⊗¯F (n)0,r (O) ∼= F0,r(O)
and the theories F
(1)
0,r ⊗¯ . . . ⊗¯F (n)0,r and F0,r are net-isomorphic.
Proof. According to lemma A.4, the tensor product of two asymptotically p-nuclear
theories is again asymptotically p-nuclear, and therefore it is sufficient, by induc-
tion, to prove the theorem for n = 2. We begin by observing that, if (Mα)α, (Nα)α
are families of von Neumann algebras (on the same Hilbert space), then
∧
α
Mα⊗¯Nα =
(∧
α
Mα
)
⊗¯
(∧
α
Nα
)
.
Through the unitary equivalence induced by the operator W : H0 → H (1)0 ⊗H (2)0
defined in the proof of theorem 3.7, we have
pi
(1)
0 (F
(1)(O)) ⊗min pi(2)0 (F(2)(O)) ⊆ pi0(F(O)),
and then, by what we have just observed,
F
(1)
0,r (O)⊗¯F (2)0,r (O) =
( ⋂
O1⊃O
pi
(1)
0
(
F
(1)(O1)
)′′)⊗¯( ⋂
O1⊃O
pi
(2)
0
(
F
(2)(O1)
)′′)
=
⋂
O1⊃O
pi
(1)
0
(
F
(1)(O1)
)′′⊗¯pi(2)0 (F(2)(O1))′′ ⊆ ⋂
O1⊃O
pi0
(
F(O1)
)′′
= F0,r(O),
and we conclude, as in the proof of theorem 3.7, using the maximality of Haag dual
nets.
4 A class of models with non-preserved DHR sec-
tors
In this section we will construct quantum field theory models which possess DHR
sectors which are non-preserved in the scaling limit. As already said in the intro-
duction, the observables net of such models is obtained as the fixed point net of a
field net which in turn is a tensor product of two theories, one being a theory with
trivial scaling limit, and the other being a free field theory, whose DHR sectors
are all preserved. We start then by briefly recalling some facts about theories with
trivial scaling limit and the scaling limit of free field theories from [9, 5].
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Let φ be the generalized free scalar field with mass measure dρ(m) = dm in
d = s+ 1 = 3, 4 spacetime dimensions, i.e.
φ(f) =
i√
2
[a(T f¯)− a(Tf)∗], f ∈ S (Rd), (4.1)
with a(ψ), a(ψ)∗ being the annihilation and creation operators on the symmetric
Fock space over L2(Rs × R+, dsp dm) and
Tf(p,m) := (2ωm(p))
− 12 fˆ(ωm(p),p), ωm(p) :=
√
m2 + |p|2.
Let also λ ∈ R+ → n(λ) ∈ N0 be a non-increasing function which diverges as λ→ 0,
and for a double cone O = (x + V+) ∩ (y − V+) define n(O) := n(
√
(x − y)2), and
consider the net of local algebras
AL(O) := {eiφ(f) : f ∈ ✷n(O)DR(O)}′′, (4.2)
with the obvious definition of the action of translations. In [9], developing an idea
exposed in [10], it is shown that the net AL satisfies the standard assumptions,
including weak additivity and essential Haag duality, and that the corresponding
operators ΘLβ,O, defined as in equation (3.2), satisfy
lim sup
λ→0
‖ΘLλβ,λO‖p ≤ 1, (4.3)
for all β, O and all 0 < p ≤ 1, and therefore, according to proposition 3.2.(ii), the
net AL has classical scaling limit.
We now consider the scaling limit of the free scalar field. Following [5], we use
a non-standard, locally Fock representation of the local algebras in the Cauchy-
data formulation of the free field. Denote by W˜, the (abstract) Weyl algebra over
(D(Rs), σ˜), where
σ˜(f, g) = Im
∫
Rs
dsxf(x)g(x),
equipped with (mass dependent) actions α
(m)
(Λ,x) of the Poincare´ group and δ˜λ of
dilations, and let ω(m) denote the vacuum state with massm (see [5] for the explicit
formulas, which will not be needed in the following).
The non-standard free field representation used in [5] is obtained in the fol-
lowing way. For an open ball B ⊂ Rs, denote by W˜(B) the Weyl algebra over
(D(B), σ˜). Then the states ω(m) ↾ W˜(B) and ω(0) ↾ W˜(B) are known to be nor-
mal to each other [16], and then, if pi(m), pi(0) are the GNS representations of W˜
induced by ω(m), ω(0), the von Neumann algebras pi(m)(W˜(B))′′ and pi(0)(W˜(B))′′
are isomorphic through an isomorphism connecting pi(m)(W ) and pi(0)(W ). It is
also straightforward to verify that, using these isomorphisms, the action α(m) of
P
↑
+ on W˜ can be transported to an action on pi
(0)(W˜), still denoted by α(m).
Therefore, by defining,
A
(m)(ΛOB + x) :=
{
α
(m)
(Λ,x)
(
pi(0)(W˜ (g))
)
: g ∈ D(B)}′′,
with OB = B
′′ the causal completion of the s-dimensional ball B, one gets a net
of local von Neumann algebras for the scalar field of mass m which is represented
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on the Fock space H (0) of the field of mass zero, but which is isomorphic to the
mass m net in the usual Fock representation. We also note that, ω(0) being δ˜λ-
invariant, δ˜λ is unitarily implemented in this representation (but of course it is not
an automorphism of the net A (m), unless m = 0). From now on we will drop the
indication of the representation pi(0).
Let A(m)(O) be the C∗-algebra of the elements A ∈ A (m)(O) such that x →
α
(m)
x (A) is norm-continuous. Due to the outer continuity of the net A (m), A (m)(O) =⋂
O1⊃O
A (m)(O1) [17], we have A
(m)(O)− = A (m)(O). Note that A(m) is also outer
continuous. Let then A(m) be the net of scaling algebras associated to A(m), and,
with ω0 any scaling limit state, and pi0 the corresponding GNS representation, we
define A
(m)
0 as the outer regularized scaling limit net
A
(m)
0 (O) :=
⋂
O1⊃O
pi0(A
(m)(O1)). (4.4)
One of the main results of [5] is that the formula
θ˜m(pi0(A)) = w- lim
κ
δ˜−1λκ (Aλκ), (4.5)
with (λκ)κ ⊂ R+ a net such that ω0 = limκ ωλκ , defines a net isomorphism between
A
(m)
0 and A
(0), which is implemented by a unitary V˜m : H0 → H (0).
Proposition 4.1. With the above notations, θ˜m = Ad V˜m extends to a net iso-
morphism between the outer regularized net of von Neumann algebras
A
(m)
0 (O) :=
⋂
O1⊃O
pi0(A
(m)(O1))
′′, (4.6)
and A (0).
Proof. We have, by the outer regularity of A (0),
V˜mA
(m)
0 (O)
′′V˜ ∗m = A
(0)(O) =
⋂
O1⊃O
A
(0)(O1) = V˜m
( ⋂
O1⊃O
A
(m)
0 (O1)
′′
)
V˜ ∗m,
and therefore
⋂
O1⊃O
A
(m)
0 (O1)
′′ =
( ⋂
O1⊃O
pi0(A
(m)(O1))
)′′
⊆
⋂
O1⊃O
pi0(A
(m)(O1))
′′ ⊆
⋂
O1⊃O
A
(m)
0 (O1)
′′,
so that, finally,
θ˜m(A
(m)
0 (O)) = θ˜m
( ⋂
O1⊃O
pi0(A
(m)(O1))
)′′
= A (0)(O).
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We now pass to the construction of the class of models mentioned above. Let
G be a compact Lie group and N ⊂ G a (proper and nontrivial) normal closed
subgroup. It is then possible [18, thm. 6.1.1] to find a finite set ∆ of irreducible
representations of G which is symmetric and generating, i.e. such that for each
representation belonging to ∆ also its conjugate representation is in ∆, and every
irreducible representation of G is a subrepresentation of a tensor product of rep-
resentations from ∆. Denote now by ∆2 the subset of ∆ of those representations
which are trivial onN2 := N , and define another closed normal subgroupN1 ofG as
the annihilator of ∆1 := ∆\∆2: N1 :=
⋂
v∈∆1
ker v. It follows then easily that G is
isomorphic to G1×G2, with Gi := G/Ni, i = 1, 2, and that ∆i is a symmetric gen-
erating set of irreducible representations for Gi. We introduce the representations
vi :=
⊕
v∈∆i
v of Gi, and set ni := dim vi, i = 1, 2. Since ∆i is symmetric, there
exists a unitary involution Ji on C
ni such that Jivi(·)Ji is the complex conjugate
representation of vi, and it is possible to find mi, pi ∈ N with ni = 2mi + pi, and
vectors (e
(i)
k )k=1,...,mi+pi of C
ni such that {e(i)1 , . . . , e(i)mi+pi , Jie
(i)
1 , . . . , Jie
(i)
mi} is an
orthonormal basis and Jie
(i)
k = e
(i)
k for k = mi+1, . . . ,mi+pi (i.e. e
(i)
mi+1
, . . . , e
(i)
mi+pi
span the subspace of the real representations in ∆i).
The first factor F (1) of our class of models is defined as the field net generated
by a v-multiplet of generalized free fields (4.1) for each v ∈ ∆1, to which a suitable
power of the Dalembertian has been applied, as in (4.2). More specifically, on the
symmetric Fock space H (1) over L2(Rs ×R+, dsp dm)⊗Cn1 , with vacuum vector
Ω(1), we consider the fields
φk(f) =
i√
2
[a(T f¯ ⊗ e(1)k )− a(Tf ⊗ J1e(1)k )∗], f ∈ S (Rd), k = 1, . . . ,m1 + p1,
(φ1, . . . , φm1 are complex generalized free fields, while φm1+1, . . . , φm1+p1 are real
generalized free fields), and, assuming that there is a λ0 such that n(λ) = 0 for
λ ≥ λ0, define the net of von Neumann algebras
F
(1)(O) := {ei[φk(f)+φk(f)∗]− : f ∈ ✷n(O)DR(O), k = 1, . . . ,m1 + p1}′′,
with the obvious action α
(1)
x := AdU (1)(x) of the translations and with the action
β
(1)
g := AdV (1)(g) of G1, where V
(1)(g) is the second quantization of 1⊗ v1(g).
Proposition 4.2. The bosonic theory (F (1), U (1), V (1),Ω(1)) is asymptotically p-
nuclear for each p ∈ (0, 1] and has a classical scaling limit. The associated net of
observables A (1) := (F (1))G1 has DHR sectors in one to one correspondence with
the unitary equivalence classes of irreducible representations of G1.
Proof. It is a straightforward consequence of the fact that F (1) ∼= A ⊗n1L and of
the by now common argument involving lemma A.4, that for the nuclear operator
Θ
(1)
β,O of F
(1) there holds Θ
(1)
β,O = (Θ
L
β,O)
⊗n1 and ‖Θ(1)β,O‖p ≤ ‖ΘLβ,O‖n1p for each
p ∈ (0, 1], and therefore it follows from equation (4.3) that F (1) is asymptotically
p-nuclear and from proposition 3.2.(ii) that it has classical scaling limit.
For what concerns the second part of the statement, it follows easily from the
results in [9] that the theory under consideration satisfies the assumptions 1.-7.
in [19], and this entails that the DHR sectors of A (1) which appear in H (1) are in
one to one correspondence with the classes of irreducible representations of G1 [19,
thm. 3.6].
18
Remark. It may seem natural to conjecture that the net A (1) has no other DHR
sector apart from those described by the group G1. The standard way to prove
this, would be to show that the net F (1) satisfies the split property and a certain
cohomological condition [4, sec. 3.4.5]. While it is straightforward to verify that
this is actually the case, as A (1) does not satisfy Haag duality this can only be
used to conclude that classes of irreducible representations of G1 label classes of
local 1-cocycles of A (1) [4]. On the other hand, it follows from standard arguments
that the dual net A (1)d coincides with the G1-fixed point net of the dual of the
field net generated by the generalized free fields φk(f) (without further conditions
on the test functions f) and such a net doesn’t even satisfy the split property [20].
It is therefore an open problem to determine the complete superselection structure
of A (1).
The factor F (2) in our model is the net generated by multiplets of free scalar
fields belonging to the representations in ∆2. We consider therefore the Weyl
algebra W over (D(Rs)⊗ Cn2 , σ) with
σ(f ⊗ ξ, g ⊗ η) = Im
[ ∫
Rs
dsxf(x)g(x)(ξ · η)
]
,
where (ξ · η) is the standard scalar product of ξ, η ∈ Cn2 , and pick a mass function
µ : ∆2 → R+ such that µ(v) = µ(v¯). As W is isomorphic with W˜⊗minn2 , we define
an action α(µ) of P˜↑+, an action δ of dilations and a vacuum state ω
(µ) through
α
(µ)
(Λ,x) := α
(µ1)
(Λ,x) ⊗ · · · ⊗ α
(µn2 )
(Λ,x) ,
δλ := δ˜
⊗n2
λ ,
ω(µ) := ω(µ1) ⊗ · · · ⊗ ω(µn2),
where (µ1, . . . , µn2) is a vector obtained by repeating each value µ(v) exactly dim v
times, for each v ∈ ∆2. Furthermore, an action β(2) of G2 is defined by
β(2)g (W (f)) :=W
(
(1⊗ v2(g))f
)
, f ∈ D(Rs)⊗ Cn2 , g ∈ G2.
If 0 : ∆2 → R+ is the identically vanishing function, it is easy to verify that the
states ω(µ) and ω(0) are locally normal to each other, and therefore, in analogy to
the n2 = 1 case, we define, in the GNS representation of ω
(0), the net
F
(µ)(ΛOB + x) :=
{
α
(µ)
(Λ,x)
(
W (f)
)
: f ∈ D(B)⊗ Cn2
}′′
.
where we suppressed the explicit indication of the GNS representation. The cor-
responding unitary representations of P˜↑+ and G2 will be denoted by U
(µ), V (2),
and the vacuum vector by Ω(µ)
Consider now a scaling limit state ω
(µ)
0 of the scaling algebra F
(µ) associated to
F (µ), and the corresponding GNS representation pi0. In analogy to the scalar field
case, we define the corresponding (outer regularized) scaling limit net F
(µ)
0 by
F
(µ)
0 (O) :=
⋂
O1⊃O
pi0(F
(µ)(O1))
′′. (4.7)
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Theorem 4.3. Let s = 2, 3, and ω
(µ)
0 be a scaling limit state of F
(µ). There is
a net-isomorphism θ between (F
(µ)
0 , U
(µ)
0 , V
(2)
0 ,Ω
(µ)
0 ) and (F
(0), U (0), V (2),Ω(0)),
which is unitarily implemented and is such that
θ(pi0(F )) = w- lim
κ
δ−1λκ (Fλκ), (4.8)
with (λκ)κ ⊂ R+ a net such that ω(µ)0 = limκ ω(µ)λκ .
Proof. We begin by introducing an auxiliary scaling algebra G(µ), which is defined
as the scaling algebra associated to the net (F (µ), U (µ),Ω(µ)), i.e. which disregards
the action of the gauge group. Of course F(µ)(O) ⊆ G(µ)(O) for each O, and there
exists a scaling limit state of G(µ) whose restriction to F(µ) coincides with ω
(µ)
0 .
By a slight abuse of notation, we denote by pi0 the scaling limit representation of
G
(µ) thus obtained, and we define
G
(µ)
0 (O) :=
⋂
O1⊃O
pi0(G
(µ)(O1))
′′. (4.9)
From the net isomorphism
(F (µ), U (µ),Ω(µ)) ≃ (A (µ1)⊗¯ . . . ⊗¯A (µn2), U (µ1)⊗· · ·⊗U (µn2),Ω(µ1)⊗· · ·⊗Ω(µn2)),
taking into account the fact that, according to [13, prop. 3.1], each theory A (µk) is
asymptotically p-nuclear for each p ∈ (0, 1], and the fact that, according to propo-
sition 4.1, each scaling limit net A
(µk)
0 satisfies Haag duality, it follows, applying
theorem 3.8, that we have a net isomorphism θ
(G
(µ)
0 , U
(µ)
0 ,Ω
(µ)
0 ) ≃ (A (0)⊗¯ . . . ⊗¯A (0), U (0) ⊗ · · · ⊗ U (0),Ω(0) ⊗ · · · ⊗ Ω(0))
≃ (F (0), U (0),Ω(0)),
such that, for each G of the form Gλ = A1 λ ⊗ · · · ⊗An2 λ, Ak ∈ A(µk),
θ(pi0(G)) = (θ˜µ1 ⊗ · · · ⊗ θ˜µ2n)
(
(pi
(µ1)
0 ⊗ · · · ⊗ pi(µ2n)0 )(G)
)
= w- lim
κ
(δ˜−1λκ ⊗ · · · ⊗ δ˜−1λκ )(Gλκ)
= w- lim
κ
δ−1λκ (Gλκ),
(4.10)
where pi
(µk)
0 is the scaling limit representation of A
(µk) induced by the scaling limit
state Ak → ω(µ)0 (1 ⊗ · · · ⊗ Ak ⊗ · · · ⊗ 1) = ω(µk)0 (Ak). The last relation is then
extended by linearity and continuity to the C∗-subalgebra G˜(µ) of G(µ) generated
by all such functions. Furthermore θ = Ad (V˜µ1 ⊗ · · · ⊗ V˜µ2n). We now extend
equation (4.10) to arbitrary elements of G(µ). From the proof of theorem 3.8 it
follows that pi0(G
(µ)(O)) ⊂ ⋂O1⊃O pi0(G˜(µ)(O1))′′, and, therefore, for F ∈ G(µ)(O)
and for each OB ⊃ O and ε > 0, we can find G ∈ G˜(µ)(OB) such that
‖[pi0(F )− pi0(G)]Ω0‖ < ε. (4.11)
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Furthermore, if H ∈ G(µ)(O′B), we have〈
θ(pi0(H))Ω
(0),
[
θ(pi0(F ))− δ−1λκ (F λκ)
]
θ(pi0(H))Ω
(0)
〉
=
〈
pi0(H
∗H)Ω0,
[
pi0(F )− pi0(G)]Ω0
〉
+
〈
θ(pi0(H))Ω
(0),
[
θ(pi0(G))− δ−1λκ (Gλκ)
]
θ(pi0(H))Ω
(0)
〉
+
〈
δλκ
(
θ(pi0(H
∗H))
)
Ω(0),
(
Fλκ −Gλκ
)
Ω(0)
〉
,
(4.12)
and the three terms of the right hand side of such equation can be made arbitrarily
small, for sufficiently large κ, thanks, respectively, to (4.11), to (4.10) and to the
fact that, since ω(µ) and ω(0) are locally normal to each other, we have, by (2.2),
lim
κ
‖(Fλκ −Gλκ)Ω(0)‖2 = limκ ω
(0)
(
(F λκ −Gλκ)∗(Fλκ −Gλκ)
)
= lim
κ
ω(µ)
(
(Fλκ −Gλκ)∗(Fλκ −Gλκ)
)
= ‖[pi0(F )− pi0(G)]Ω0‖2.
Then, since θ(pi0(G
(µ)(O′B)))Ω
(0) is dense inH (0) (its closure containsF (0)(O′1)Ω
(0)
for eachO1 ⊃ OB) and (δ−1λκ (F λκ))κ is a bounded net, we conclude that (4.10) holds
for each element of G(µ).
In order to complete the proof, we need only show that G
(µ)
0 (O) = F
(µ)
0 (O).
To this end, let F ∈ G(µ)(O), and, for ψ ∈ L1(G), consider β(2)ψ F ∈ F(µ)(O).
Thanks to (4.10) and to the fact that δλ and β
(2)
g are commuting and unitarily
implemented on H (0), we have that, for each Φ ∈ H (0), we can find a sequence
(λn)n∈N converging to 0 such that
〈Φ, θ(pi0(β(2)ψ F ))Φ〉 = limn→+∞
∫
G
dg ψ(g)〈Φ, β(2)g δλn(F λn)Φ〉.
But, using again (4.10), we have limn→+∞〈Φ, β(2)g δλn(Fλn)Φ〉 = 〈Φ, β
(2)
g (θ(pi0(F )))Φ〉,
and therefore, applying the dominated convergence theorem,
θ(pi0(β
(2)
ψ F )) =
∫
G
dg ψ(g)β(2)g (θ(pi0(F ))).
This last equation entails that, if (ψn)n∈N is a δ-sequence in L
1(G), then θ(pi0(β
(2)
ψn
F ))
converges strongly to θ(pi0(F )), i.e. θ(pi0(G
(µ)(O))) ⊆ θ(pi0(F(µ)(O)))′′ ⊆ θ(pi0(G(µ)(O)))′′,
and the cyclic Hilbert spaces pi0(G
(µ))Ω0 and pi0(F
(µ))Ω0 coincide (recall that θ is
unitarily implemented), from which the equality of the nets F
(µ)
0 and G
(µ)
0 readily
follows.
Knowing explicitly the scaling limit of F (µ), it is not difficult to show that the
superselection structure of the observable net A (µ)(O) = F (µ)(O)G2 is entirely
preserved.
Theorem 4.4. Each covariant, finite statistics sector of the net A (µ) is preserved
in each scaling limit state ω
(µ)
0 .
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Proof. As recalled in section 2, we must find, for each covariant, finite statistics
sector ξ of A (µ) and for each double cone O, a scaled multiplet ψj(λ) ∈ F (µ)(λO),
j = 1, . . . , d, d the statistical dimension of ξ, and for each j an F ∈ F(µ)(O1) with
O1 ⊃ O¯, for which equation (2.3) holds.
To this end, let O = ΛOB + x, take a multiplet ψj ∈ F (µ)(OB) = F (0)(OB)
associated to the sector ξ, and define ψj(λ) := α
(µ)
(Λ,λx)δλ(ψj) ∈ F (µ)(λO). We
claim that for this multiplet, equation (2.3) is satisfied.
Since β
(2)
g commutes with α
(µ)
(Λ,λx)δλ, it is obvious that ψj(λ), j = 1, . . . , d, is
a multiplet of class ξ. Now, since θ−1(ψj) ∈ F (µ)0 (OB) =
⋂
O2⊃OB
pi0(F
(µ)(O2))
′′,
for each ε > 0 and O2 ⊃ OB, we can find G ∈ F(µ)(O2) such that∥∥[θ−1(ψj)− pi0(G)]Ω0∥∥+ ∥∥[θ−1(ψj)− pi0(G)]∗Ω0∥∥ < ε.
We have then the following chain of equalities, where [. . . ]♯ stands for either [. . . ]
or [. . . ]∗: ∥∥[θ−1(ψj)− pi0(G)]♯Ω0∥∥ = ∥∥[ψj − θ(pi0(G))]♯Ω(0)∥∥
= lim
κ
∥∥[ψj − δ−1λκ (Gλκ)]♯Ω(0)∥∥
= lim
κ
∥∥[δλκ(ψj)−Gλκ ]♯Ω(0)∥∥
= lim
κ
∥∥[δλκ(ψj)−Gλκ ]♯Ω(µ)∥∥
= lim
κ
∥∥[ψj(λκ)− (α(µ)(Λ,x)G)λκ]♯Ω(µ)∥∥
where in the fourth equality we have again applied equation (2.2) to ω(µ) and ω(0).
Therefore, taking into account the remark about Poincare´ covariance in section 2,
we get (2.3) with F := α
(µ)
(Λ,x)G.
From the above theorem and from [6, cor. 6.2] the following result readily
follows.
Corollary 4.5. All local intertwiners between DHR endomorphisms of A (µ) are
also global intertwiners.
We remark that a property closely related to the equivalence of local and global
intertwiners has been recently proven, under quite general assumptions, in the
context of locally covariant theories [21].
The above results may be summarized in the following theorem, which expresses
the existence of a rather vast class of decent quantum field theory models possessing
non-preserved DHR sectors.
Theorem 4.6. For each pair (G,N) with G a compact Lie group and N ⊂ G a
normal closed subgroup, there exists a bosonic QFTGA (F , U, V,Ω) such that the
associated observable net A := FG fulfills the following properties:
(i) A has a subset of DHR sectors which are in 1-1 correspondence with the
unitary equivalence classes of irreducible representations of G;
(ii) A has a unique quantum scaling limit according to the classification of [1];
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(iii) among the sectors of A , only those which correspond to representations of G
which are trivial on N are preserved in any scaling limit state;
(iv) the set of DHR sectors of each (outer regularized) scaling limit net A0 of A
is in 1-1 correspondence with the unitary equivalence classes of irreducible
representations of G/N .
Proof. For a given choice of a finite symmetric generating set ∆ = ∆1 ∪ ∆2 of
irreducible representations of G and a mass function µ : ∆2 → R+ as above, we
form the tensor product theory F := F (1) ⊗F (µ). It is easy to check, as in the
proof of proposition 4.2, that the sectors of A = FG which appear in the Hilbert
space H on which F acts are in 1-1 correspondence with classes of irreducibile
representations of G, thereby proving (i). It then follows from theorem 3.8, propo-
sition 4.2 and theorem 4.3 that each outer regularized scaling limit net F0 of F is
unitarily equivalent to the net F (0) and then, since, according to the results in [15],
to each scaling limit state ω0 of A there corresponds uniquely a scaling limit state
of F whose restriction to A coincides with ω0, statement (ii) follows. Property
(iii) is the content of theorem 4.4, and finally property (iv) follows from the fact
that F (0), being a finite tensor product of free scalar field nets, satisfies the split
property and Roberts’ cohomological condition, and it is therefore a complete field
net, i.e. all DHR sectors of A0 ∼= F (0)G/N are implemented by G/N -multiplets in
F (0).
As noted in the remark following proposition 4.2, it may also happen that A
has more DHR sectors than those described by F , but, since A0 has precisely the
sectors described by F (0), also these additional sectors would not be preserved
under the scaling limit.
5 Conclusions and outlook
In this work, we have presented very simple quantum field theory models possessing
DHR superselection sectors which are not preserved under the scaling limit opera-
tion, i.e. sectors of the underlying theory which are not also sectors of the scaling
limit. The way in which these sectors are obtained provides a simple illustration
of the physical mechanism which may be expected to lead to the appearance of
non-preserved sectors in more realistic, interacting theories. As already discussed
in [7], charges will disappear in the scaling limit if they have some kind of “internal
structure” which, in order for it to be “squeezed” in a region of radius λ, requires
an amount of energy growing faster than λ−1. Therefore one can expect that the
fields carrying such a charge will have rather bad ultraviolet properties, and this is
actually the case for the fields ✷n(λ)φk(x) employed in constructing our models at
scale λ.
As we mentioned above, our examples, since they are built making use of gen-
eralized free fields with constant mass measure, do not satisfy Haag duality, but
only essential duality. This leaves open the possibility that requiring Haag duality
rules out the existence of non-preserved sectors, but, in view of the physical picture
just discussed, one may be tempted to exclude that this is actually the case.
As a tool for building the models, we have derived sufficient conditions under
which the scaling limit of a tensor product theory coincides with the tensor prod-
23
uct of the scaling limits of the factor theories, the main such condition being a
requirement of asymptotic nuclearity for the factor theories. While we don’t have
any example of theories not satisfying such hypothesis for which the scaling limit
and tensor product operations don’t commute, it seems to us quite natural that
some kind of phase space condition has to play a role in such questions, particularly
in view of the fact that, if a specific such condition holds, scaling limits are limits
with respect to a suitable metric in a suitable space of nets of C∗-algebras [22], and
therefore they should enjoy good functorial properties.
This is connected with the fact that we required G to be not just a compact
group, but a Lie one, which is due to the following technical reason: according
to the results in [13], an infinite tensor product of free scalar field theories is not
asymptotically p-nuclear for 0 < p < 1/3, and therefore we have to use, in our
construction, pairs (G,N) for which the set ∆2 which generates the representations
which are trivial on N is finite, i.e., even if we just assume that G is a compact
group, we have in any case to require G/N to be a Lie group. It is therefore
not clear if it is possible to construct, along the lines exposed above, examples of
theories having, as in [8], an arbitrary compact group G as a gauge group, and
such that the sectors associated to an arbitrary normal closed subgroup N ⊂ G
are not-preserved.
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A Some results on nuclear maps
For the interested reader, in this appendix we collect some elementary results about
nuclear maps between Banach spaces which are used in the main text, but whose
proofs are not easily found in the existing literature. We begin by recalling the
definition of a nuclear map between Banach spaces.
Definition A.1. Let X,Y be Banach spaces and p ∈ (0, 1]. A bounded linear map
T ∈ B(X,Y ) is said to be p-nuclear if there exist sequences (fn)n∈N ⊂ X∗ and
(yn)n∈N ⊂ Y such that
Tx =
+∞∑
n=1
fn(x)yn, ∀x ∈ X,
+∞∑
n=1
‖fn‖pX∗‖yn‖pY < +∞.
The nuclear p-norm of T is defined as
‖T ‖p := inf
{( +∞∑
n=0
‖fn‖pX∗‖yn‖pY
)1/p}
,
where the infimum is taken over all possible decompositions of T as above.
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The p-nuclear maps form a vector space equipped with the quasi-norm ‖·‖p [23,
sec. 19.7]. A closely related concept is the one of ε-content of a compact map.
Definition A.2. Let X,Y be Banach spaces, and T ∈ B(X,Y ). The ε-content
of T , denoted by NT (ε), is the maximal number of elements xi ∈ X , ‖xi‖ ≤ 1,
i = 1, . . . , NT (ε), such that ‖T (xi − xj)‖ > ε for i 6= j.
It is easy to check that NT (ε) < +∞ for all ε > 0 if and only if T is a compact
map. For the convenience of the reader, we summarize in the next lemma some
results, which are used in the main body of the paper, about the relationships
between ε-content and nuclearity for maps with values in a Hilbert space. For
their proof, we refer the reader to [10, lemma 2.1] and to the references cited there.
Lemma A.3. Let X be a Banach space, H a Hilbert space and T ∈ B(X,H).
(i) If 0 < p < 1 and q > p/(1− p) there exists a constant c = cp,q > 0 such that,
for each p-nuclear T , there holds
NT (ε) ≤ e
c‖T‖
q
p
εq . (A.1)
(ii) If 0 < p ≤ 1 there exists a constant d = dp > 0 such that if there exists a
sequence of positive numbers (εm)m∈N with
+∞∑
m=1
(
m
1
2 εmNT (εm)
1
m
)p
< +∞,
then the map T is p-nuclear and
‖T ‖p ≤ d
( +∞∑
m=1
(m
1
2 εmNT (εm)
1
m )p
) 1
p
. (A.2)
We will have to deal with tensor products of nuclear maps, and the following
lemma will be useful at some instances.
Lemma A.4. Let Ti : Xi → Yi be p-nuclear maps, i = 1, 2, and let ‖ · ‖α, ‖ · ‖β
be cross-norms on the algebraic tensor products X1 ⊗ X2, Y1 ⊗ Y2 respectively.
Assume further that ‖ · ‖α majorizes the injective cross-norm on X1 ⊗X2. Then
there exists a unique bounded operator T1 ⊗ T2 : X1 ⊗α X2 → Y1 ⊗β Y2 such that
T1 ⊗ T2(x1 ⊗ x2) = T1(x1)⊗ T2(x2), and there holds ‖T1 ⊗ T2‖p ≤ ‖T1‖p‖T2‖p.
Proof. Uniqueness of T1⊗T2 is immediate. We prove existence. For a given ε > 0,
we can find sequences (fi,n)n∈N ⊂ X∗i , (yi,n)n∈N ⊂ Yi, i = 1, 2, such that
Ti(xi) =
+∞∑
n=1
fi,n(xi)yi,n,
+∞∑
n=1
‖fi,n‖p‖yi,n‖p < (‖Ti‖p + ε)p.
Since ‖ · ‖α majorizes the injective cross-norm, the induced norm ‖ · ‖α∗ on X∗1 ⊗
X∗2 is a cross-norm [24, prop. IV.2.2] and therefore the algebraic tensor product
f1,n ⊗ f2,m extends to an element of X∗1 ⊗α∗ X∗2 = (X1 ⊗α X2)∗, denoted by the
same symbol. Furthermore, since p ≤ 1, it is easy to check that
T1 ⊗ T2(x) =
+∞∑
n,m=1
f1,n ⊗ f2,m(x)y1,n ⊗ y2,m,
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defines a bounded T1 ⊗ T2 : X1 ⊗α X2 → Y1 ⊗β Y2 such that T1 ⊗ T2(x1 ⊗ x2) =
T1(x1)⊗ T2(x2), and from
+∞∑
n,m=1
‖f1,n ⊗ f2,m‖pα∗‖y1,n ⊗ y2,m‖pβ < (‖T1‖+ ε)p(‖T2‖+ ε)p,
and the arbitrariness of ε, we get the estimate ‖T1 ⊗ T2‖p ≤ ‖T1‖p‖T2‖p.
We will apply this result to the case in which the Xi are C
∗-algebras and ‖ · ‖α
is the minimal C∗-cross-norm, for which the above hypotheses are satisfied [24, sec.
IV.4].
Lemma A.5. Let X be a Banach space, H be a Hilbert space and T : X → H a
p-nuclear map, 0 < p < 2/3. There exist an orthonormal system (ξn)n∈N in ranT
and a sequence (fn)n∈N ⊂ X∗ such that for each q, 4p/(p+2) < q ≤ 1, there holds
Tx =
+∞∑
n=1
fn(x)ξn,
+∞∑
n=1
‖fn‖q < +∞.
Proof. The proposition is trivial if T is of finite rank, so we assume that this is not
the case. Let (ζk)k∈N ⊂ H , (gk)k∈N ⊂ X∗ be such that
Tx =
+∞∑
k=1
gk(x)ζk,
+∞∑
k=1
‖gk‖p‖ζk‖p < +∞,
and we can assume that the sequence ak := ‖gk‖‖ζk‖ is non-increasing. If E is the
projection on ranT , we have Tx = ETx =
∑+∞
k=1 gk(x)Eζk , so that we can also
assume that ζk ∈ ranT , and of course that ζk 6= 0.
We now define inductively a subsequence (ηm)m∈N ⊂ (ζk)k∈N of linearly in-
dependent vectors in the following way: η1 := ζ1, and having defined linearly
independent vectors {η1, . . . , ηm} ⊂ (ζk)k∈N, it will be ηm = ζk for some k, and
ηm+1 will be defined to be the first vector in (ζh)h≥k+1 which is linearly indepen-
dent from {η1, . . . , ηm}. It is clear from this construction that each vector ζk will
be a linear combination of the vectors η1, . . . , ηk at most.
Let now (ξn)n∈N ⊂ ranT be the orthonormal system obtained by applying the
Gram-Schmidt procedure to (ηm)m∈N. It also holds that ηm is in the subspace
spanned by ξ1, . . . , ξm, so that we will have
ζk =
k∑
n=1
αknξn, ‖ζk‖2 =
k∑
n=1
|αkn|2,
for suitable scalars (αkn)1≤n≤k<+∞, and, if q ≤ 1, it follows, thanks to the convex-
ity properties of the function t→ t q2 , that
‖ζk‖q = k
q
2
( k∑
n=1
1
k
|αkn|2
) q
2
≥ k q2−1
k∑
n=1
|αkn|q. (A.3)
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Since the sequence ak = ‖gk‖‖ζk‖ is non-increasing, from the inequalities
kapk ≤
k∑
h=1
aph ≤
+∞∑
h=1
aph < +∞,
we get that there exists a constant c > 0 such that ak < c/k
1
p . It follows then from
this observation and from equation (A.3) that, if we set αkn = 0 for n > k,
+∞∑
k=1
+∞∑
n=1
|αkn|q‖gk‖q ≤
+∞∑
k=1
k1−
q
2 ‖ζk‖q‖gk‖q ≤ cq
+∞∑
k=n
k1−
q
2−
q
p
is convergent if q > 4p/(p+ 2), which entails that fn :=
∑+∞
k=n αkngk is a bounded
functional on X with
+∞∑
n=1
‖fn‖q ≤
+∞∑
n=1
+∞∑
k=1
|αkn|q‖gk‖q =
+∞∑
k=1
+∞∑
n=1
|αkn|q‖gk‖q < +∞,
where we have used the fact that if 0 < q ≤ 1 and a, b > 0 then (a + b)q ≤
aq + bq, and that it is possible to interchange the sums since the double sum is
absolutely convergent. This also implies that for each x ∈ X the double series∑+∞
k=1
∑+∞
n=1 αkngk(x)ξn is absolutely convergent in H , and therefore it is allowed
to interchange sums in
Tx =
+∞∑
k=1
gk(x)ζk =
+∞∑
k=1
gk(x)
k∑
n=1
αknξn =
+∞∑
n=1
ξn
+∞∑
k=n
αkngk(x) =
+∞∑
n=1
fn(x)ξn,
which concludes the proof.
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